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The ability of biological molecules to replicate themselves, achieved with the aid of a complex
cellular machinery, is the foundation of life. However, a range of aberrant processes involve the
self-replication of pathological protein structures without any additional factors. One example is
the autocatalytic generation of pathological protein aggregates, including amyloid fibrils, involved
in neurodegenerative disorders. Here, we use computer simulations to identify the necessary require-
ments for the self-replication of fibrillar assemblies of proteins. We establish that a key physical
determinant for this process is the affinity of proteins for the surfaces of fibrils. We find that self-
replication can only take place in a very narrow regime of inter-protein interactions, implying a
high level of sensitivity to system parameters and experimental conditions. We then compare our
theoretical predictions with kinetic and biosensor measurements of fibrils formed from the Aβ pep-
tide associated with Alzheimer’s disease. Our results show a quantitative connection between the
kinetics of self-replication and the surface coverage of fibrils by monomeric proteins. These findings
reveal the fundamental physical requirements for the formation of supra-molecular structures able to
replicate themselves, and shed light on mechanisms in play in the proliferation of protein aggregates
in nature.
The molecular machinery of life is largely generated
through the assembly of proteins into functional com-
plexes. A particularly common form of protein self-
assembly is that leading to linear filaments. These struc-
tures are widely used in nature, for instance as the ba-
sis of the cytoskeleton. Once formed, the vast majority
of functional protein assemblies typically fulfil their bio-
logical function but do not directly catalyse the forma-
tion of further "daughter" complexes. However, certain
protein structures possess the intriguing ability to pro-
mote their own replication. This phenomenon first came
to prominence in the context of prions, where specific
supra-molecular protein assemblies were observed to be
able to multiply effectively once taken up into a vari-
ety of organisms, ranging from humans to yeast [1–3].
Such propensity to self-replicate has emerged as a more
general feature of pathological protein self-assembly, ob-
served in the context of sickle cell anemia [4, 5] as well
as for amyloid fibrils implicated in medical disorders [6–
8] such as Alzheimer’s disease (Aβ peptide) [9, 10], type
II diabetes (islet amyloid peptide, IAPP) [11–13], and
Parkinson’s disease (α-synuclein) [14, 15]. Strikingly,
all of these structures are able to catalyse their repli-
cation under certain conditions. The initial fibrils are
produced spontaneously from solution through primary
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nucleation, followed by proliferation via heterogeneous,
fibril-dependent, secondary nucleation [12]. In this type
of self-replication the information about the protein con-
formation is transferred to the replicas, although they are
not necessarily exactly identical to the parent aggregates.
Spontaneous fibril formation is inherently slow, while fib-
ril self-replication is usually many orders of magnitude
faster [10]; yet a detailed microscopic understanding of
either processes is currently lacking. Autocatalytic repli-
cation intrinsically introduces positive feedback into the
self-assembly process that renders it challenging to con-
trol once assembly has started. As such, most functional
protein complexes and fibrils do not have self-replicating
properties. This finding therefore motivates a question
about the fundamental ingredients necessary for fibril
self-replication to occur, or indeed to be avoided.
Here, we develop a minimal computer model that is
able to capture both spontaneous fibril formation in so-
lution, and fibril-self replication. We study the nec-
essary conditions required for self-replication to domi-
nate over spontaneous formation, and find that strong
bounds on inter-protein interactions exist for efficient
self-replication that result in the high sensitivity of self-
replication to environmental conditions. Indeed, it has
been reported experimentally that the existence of sec-
ondary nucleation in α-synuclein, insulin, and the Aβ
peptide strongly depends on pH [14, 16, 17], while sec-
ondary nucleation in Aβ also varies dramatically with
salt concentration [18]. The emergence of a narrow
2regime that supports self-replication sheds light on why
it is a relatively rare property of protein self-assembly in
vivo, and possibly provides a physical criterion to distin-
guish functional from pathological assembly. Moreover,
these results suggest that even pathological self-assembly,
in principle, can be suppressed by moderate changes to
the system to move it away from the narrow parame-
ter space supporting efficient self-replication. Our results
further infer that the secondary nucleus has to be ener-
getically different from the primary one, pointing to two
distinctive pathways.
Taking the aggregation of the Alzheimer’s Aβ peptide
into amyloid fibrils as a model for experimental compar-
ison, in combination with kinetic and biosensing exper-
iments, we show that the major characteristics of sec-
ondary nucleation can be explained in terms of the ad-
sorption of monomeric peptides onto the surface of fibrils,
and the level of surface coverage. We then demonstrate,
in simulations and in experiments, that self-replication
can be modulated by controlling the fibril surface cover-
age. Through the powerful combination of coarse-grained
simulations and physical measurements, our results offer
microscopic insights into the mechanism of the autocat-
alytic replication of protein fibrils.
Computer model
As the basis for our model we take the aggregation of
peptides and proteins into amyloid fibrils, which have a
common structure rich in β-sheet content. A minimal
model that reproduces homogeneous fibril nucleation al-
lows an amyloidogenic protein to exist in two states: a
soluble state (denoted “s”) that can form finite oligomers,
and a higher free-energy state that can form the β-sheet
enriched fibrils (denoted “β”) [19, 20]. Simply consider-
ing the interaction of soluble proteins with the surface
of existing fibrils captures the binding of monomers to
the fibrils, but does not lower the free energy barrier for
nucleation, thus does not result in efficient catalysis. To
achieve a self-replication rate that is significantly faster
than spontaneous formation, the structure and energy of
the species involved necessarily have to differ from those
observed in the absence of fibrils (Supplementary Sec-
tion SI.C). The self-replication cycle in the Aβ system
has been shown to generate predominately small prefib-
rillar oligomers, whose structures differ from that of the
mature fibrils (Methods, [10, 21]). Although an ensem-
ble of such intermediate structures could exist in real-
ity, here we consider the simplest possible case: we in-
clude one additional, intermediate (“i”), conformation,
which can form on the fibril surface. This conformation
is in-between the soluble and the β-state, and its self-
interaction is stronger than its interaction with the fibril,
which leads to detachment of oligomers from the parent
fibril, as observed in experiments.
Amyloidogenic protein molecules in our model are rep-
resented as hard spherocylinders with attractive patches
(Fig. 1). The attractive interactions account for generic
features of inter-protein interactions, such as hydropho-
bic interactions, hydrogen bonding, and screened elec-
trostatic interactions. The soluble state of the protein is
modelled as a spherocylinder with an attractive tip (Fig.
1a), whose self-attraction is given by the parameter ss.
Such particles are able to generate finite oligomers (Fig.
1b) [20]. The attractive tip can also adsorb onto the
outer surface of the fibril, with interaction strength sf
(Supplementary Fig. S1). The intermediate conforma-
tion i is modelled with the same potential as the soluble
state, but possesses a stronger self-association parameter
ii and a vanishing adsorption onto the fibril (Supple-
mentary Fig. S1). The fibril forming, β-sheet prone,
configuration is a hard spherocylinder with an attractive
side-patch (Fig. 1a). The β-prone proteins pack paral-
lel to one another with the maximal interaction strength
ββ , leading to fibril-like aggregates (Fig. 1b). We per-
formed dynamic Monte Carlo (MC) simulations, allowing
for the interconversion between the three protein con-
formations with a small probability at every MC step.
The s → i → β conversion is thermodynamically un-
favourable, reflecting the loss of the internatl conforma-
tional entropy of the protein molecule [22]. Throughout
the text k denotes the Boltzmann’s constant and T is
the temperature; further details are given in the Meth-
ods Section.
Spontaneous formation versus self-replication
The first question we address involves the identifica-
tion of those conditions that lead to secondary nucle-
ation being dramatically dominant over spontaneous, pri-
mary, nucleation. We have performed a series of com-
puter experiments, in which a capped preformed fibril
(incapable of further growth) was inserted into a solution
of monomeric proteins, and nucleation processes were
monitored. Primary nucleation takes place in two steps,
whereby protein oligomers first form in solution, and then
convert into β-sheet nuclei, which continue growing by
monomer addition (Fig. 1c) [20, 23]. In the secondary
nucleation process, proteins first adsorb onto the surface
of the fibril, forming local clusters that keep growing and
shrinking while still being attached to the fibril surface,
as depicted in Fig. 1d. Once the oligomer of a critical size
is formed, the proteins within change their conformation
into the intermediate form. The oligomer then detaches
into the solution, converts into the β-sheet protofibril,
and grows further by monomer addition (Fig. 1d).
To investigate possible scenarios for different aggregat-
ing proteins, under various solution conditions, we mea-
sured the rates of primary and secondary nucleation at
different protein concentrations and inter-protein interac-
tions. From these measurements we calculated the frac-
tion of self-replication events in the system for a given set
of external conditions (Supplementary Sections SI.A and
SI.B), Fig. 2a. Clearly, self-replication dominates over
3spontaneous fibril formation at low protein concentra-
tions and low inter-protein interactions. Indeed, proteins
are typically below their critical micelle concentration at
physiological conditions, which corresponds to the regime
of low inter-protein interactions and low protein concen-
trations, where self-replication can dominate.
The reason for the dramatic dominance of self-
replication in this regime is two-fold. The first contri-
bution arises from the aided collocation of proteins on
the one-dimensional surface of the fibril. This contribu-
tion is particularly important at low protein concentra-
tions, where the probability of proteins meeting in solu-
tion and forming oligomers is very low. The second con-
tribution lies in the decreased barrier for the secondary
nuclei formation on the fibril surface, via the intermedi-
ate state (Supplementary Section SI.C). Essentially, for
self-replication to dominate, the secondary nucleus has
to be different from the primary one.
Strong environmental bounds for self-replication
Modulating environmental conditions and introducing
protein mutations not only changes the properties of pro-
teins interacting in solution, but also the strength of the
adsorption of proteins onto the surface of fibrils, given
by sf in our simulations. We find that changing the
protein-fibril affinity only by a few kT , the fraction of self-
replication events changes non-monotonically, exhibiting
a distinct region of optimal self-replication, Fig. 2b. This
result is in agreement with the high sensitivity of fibril
self-replication to solution composition, and can explain
why it is to date observed only in a limited number of
systems. Comparably, in a recent simulation, secondary
nucleation of Lennard-Jones particles at a crystalline sur-
face, when exposed to mechanical agitation, was reported
to take place only in the regime of intermediate super-
saturation [24].
Fig. 3a. analyses this effect in depth, at constant
protein concentration. At low protein-fibril interaction
strengths, proteins cover only a small fraction of the fib-
ril surface, and the protein adsorption and oligomer for-
mation on the fibril surface determine the reaction rate.
Fig. 3b depicts the Langmuir-type isotherm for the fibril
surface coverage, θ, as a function of sf (Supplementary
Section SI.D), indicating that the increase in the surface
coverage follows the increase in the rate of self-replication
in Fig. 3a. At high sf , the fibril is substantially cov-
ered by proteins, however, the oligomer detachment be-
comes unfavourable. Nucleation will happen only after
the oligomer has reached a certain size, N∗, when the
energy gain due to the stronger inter-protein interactions
after the conformational change overcomes the loss in the
protein-fibril adsorption energy. Stronger binding to the
surface hence requires larger oligomers in order to over-
come the loss in the favourable adsorption energy. For
very large oligomers, due to the geometric constraints,
this requirement cannot be satisfied. Therefore, the con-
formational change will become unfavourable as the bind-
ing to the surface increases further (inset in Fig. 3b,
Supplementary Section SI.E). In reality, in the regime of
high adsorption, proteins are likely to distribute them-
selves evenly on fibrils in order to increase their contact
area with the surface, and could form multiple layers,
additionally hampering secondary nucleation. The nar-
row region of inter-protein interactions supporting self-
replication is therefore the outcome of the balance be-
tween sufficient fibril coverage, and unhindered confor-
mational change.
Simulated and experimental kinetics of
self-replication
Our model can make a range of predictions that can be
tested experimentally. Here, we seek to relate our simula-
tions to kinetic measurements of self-replication of Aβ40
amyloid fibrils, one of the two major isoforms of the Aβ
peptide associated with Alzheimer’s disease. Kinetic ex-
periments provide the dependence of the reaction rate on
monomer concentration, r ∼ cγs , where the scaling expo-
nent γs is in our case the reaction order of self-replication.
It reflects the monomer dependence of the dominant ag-
gregation processes, therefore carrying information about
the reaction mechanism.
Fig. 4a depicts double logarithmic plot of the rate of
secondary nucleation for the Aβ40 system, versus the ini-
tial monomer concentration, where the slope corresponds
to the scaling exponent. The scaling exponent is highly
dependent on the concentration of the monomeric pep-
tide in solution, suggesting a possible change in the nucle-
ation mechanism over the concentration range [25]. Fig.
4b shows the same quantities, collected in simulations,
at a moderate protein-fibril affinity. The reaction order
varies with the protein concentration, with a high value
at low monomer concentrations (γs ≈ 3.3), and a low
value at high monomer concentrations (γs ≈ 0.5), as ob-
served in the Aβ40 experimental data.
Due to our microscopic modelling we are able to pin-
point the processes underlying the switch in kinetic be-
haviour. Fig. 4d shows that the change in the reaction
order follows the trend in the change of fibril coverage.
Hence, the non-linear increase in surface coverage, due
to surface saturation, is connected to the continuous de-
crease in reaction order. We find from our data that the
rate of self-replication follows the surface saturation as
ln(r) ∼ N∗ln(Kc/(1 + Kc)), where K is the monomer-
surface binding constant (K ∼ sf ) and N∗ is a constant
(see Methods and Supplementary Section IF for details).
The reaction order, γs, then continuously changes be-
tween N∗, at infinite dilution, and 0 at full saturation.
Interestingly, in models of nucleation where the aggrega-
tion number is the slow degree of freedom, N∗ would be
simply equal to the size of the nucleating oligomer, which
is found to be constant over the concentration range in
our simulations (inset in Fig. 4b)
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To test experimentally the prediction that the change
in the apparent reaction order is governed by the change
in the surface coverage, and not by a change in the nu-
cleation mechanism, we designed a series of surface plas-
mon resonance (SPR) biosensing experiments that allow
direct measurement of the binding of monomeric pep-
tide molecules to the surface of amyloid fibrils, under
the same conditions as the kinetic experiments. This en-
abled us to obtain the Langmuir absorption isotherm of
Aβ40 peptides onto its fibrils (Fig. 4c and Supplemen-
tary Fig. S6). Indeed, surface saturation takes place in
the micromolar regime (with an equilibrium binding con-
stant ofK−1 = 15µM), which is exactly the regime where
the change in the apparent reaction order takes place in
aggregation experiments (Fig. 4a). Furthermore, this
value of K is of the same order of magnitude as the value
obtained from the kinetic fit to the experimental aggre-
gation data (Methods and Supplementary Section SII),
and therefore strongly supports the hypothesis that the
change in the scaling exponent is due to surface satura-
tion.
Surface saturation controls the apparent reaction
order
Finally, we show that by controlling the surface cover-
age by varying the strength of the inter-protein interac-
tions, at constant monomer concentration, one can fur-
ther modulate the kinetics of fibril self-replication. At
constant protein concentration, the surface coverage is
determined by the magnitude of protein-fibril affinity
and inter-protein interactions. It is likely that both of
these interaction strengths will be affected when alter-
ing experimental conditions, due to their similar phys-
ical origins. We observe that the surface coverage in-
creases when both of these interactions are strengthened
in simulations, resulting in a weaker dependence of self-
replication on monomer concentration. The average scal-
ing exponent γs from the simulations, as a function of ss
and sf , is shown in Fig. 5a and Fig. 5b. We compare
this behaviour to the aggregation of Aβ42 at a range
of salt concentrations [18], Fig. 5c. It is important to
note that, in the context of our physical model, the two
isoforms of Aβ, Aβ40 and Aβ42, share mechanistic simi-
larities. An increase in ionic strength shields the electro-
static interactions and leads to an increased attraction
between the negatively charged Aβ42 monomers and fib-
rils, as well as between the monomers. Hence variation
of the ionic strength offers an experimental way to vary
in a controlled way the value of ss and sf . Indeed, the
trend in the behaviour of the scaling exponents for the
aggregation of Aβ42 with increasing salt concentration
agrees well with that found in our simulations. There-
fore the large effect of ionic strength on the aggregation
behaviour is in agreement with a variation of the adsorp-
tion of proteins onto their fibrils, offering a direct way
to influence the self-replication process in a controlled
manner.
Discussion
By developing a minimal model of protein self-
replication, we have identified its dominant physical de-
terminant to be the adsorption of monomeric proteins
onto the surface of protein fibrils. Strong limits on inter-
protein interactions are found for efficient self-replication,
originating from the fact that changes in the interaction
strength have opposing effects on the two key steps in the
nucleation mechanism: oligomer formation and oligomer
detachment. A narrow region of "ideal" interaction val-
ues supporting self-replication (Fig. 2b) results in its high
specificity and sensitivity to environmental conditions.
An additional conformational change taking place on
the fibril surface is a minimal requirement for the catal-
ysis and detachment of oligomers from the parent fibril,
which, in the context of many amyloid diseases, is a cru-
cial step in the proliferation of pathological species [26–
28]. The conformational change is at the origin of
the formation of amyloid fibrils; the aggregating pro-
tein necessarily undergoes a change from its soluble form
into the characteristic β-hairpin conformation. Mod-
els which attempt to achieve self-replication in (nearly)
minimal colloidal systems, require an external dynamical
change to permit detachment of the replicas from the par-
ents [29, 30]. Amyloidogenic proteins naturally possess
this dynamic characteristic.
A direct practical conclusion from our analysis is the
ability to relate the reaction order measured in exper-
iments to the underlying microscopic mechanism. We
have found that the changes in the reaction order can be
related to the change in the fibril surface coverage by the
protein molecules, which we have confirmed by directly
measuring the binding isotherm of monomers to the fib-
ril surface. The characteristic concentration-dependence
of the reaction order, observed in experiments, is con-
sistent with a scheme where the rate-limiting step takes
place on the fibril surface, further confirming that pri-
mary and secondary nucleation are indeed distinct pro-
cesses. Whether the change in the apparent reaction or-
der is experimentally measurable will depend on the con-
centration range that can be explored, as experiments
might be limited to a concentration range where it ap-
pears locally constant. By measuring the fibril coverage
and the apparent kinetic reaction order separately, the
information about the critical size of oligomers produced
via secondary nucleation may become accessible, for any
protein system which exhibits this behaviour.
As a proof of principle, we have shown that by vary-
ing in a controlled manner the fibril surface cover-
age, by modulating the inter-protein interactions with
ionic strength, one can control the kinetics of fibril
self-replication. Hence, modulating the adsorption of
5monomeric proteins onto the surface of protein fibrils
may represent a fruitful strategy for limiting the pro-
liferation of protein aggregates in a disease context.
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Methods
The coarse-grained model and the choice of
parameters
We use the model developed in Ref. [20], extended
to capture secondary nucleation. In spirit, this model
is similar to the multistate Potts model of Zhang and
Muthukumar [31], and the recent model of Ilie, Otter
and Briels [32]. Recently, more rigorous schemes have
been developed to map coarse-grained inter-protein inter-
actions onto patchy-colloids for the purpose of studying
protein aggregation by Ruff et al. [33, 34].
In our model each protein is represented by a sphero-
cylinder that is σ = 2nm wide and L = 4σ = 8nm long.
The hard core repulsion forbids for any distance between
any two spherocylinders to be smaller than σ. The in-
teraction between two proteins in the soluble “s” form is
implemented as:
Vss(r) =
−ss
(σ
r
)6
if r ≤ 1.5σ
0 if r > 1.5σ
(1)
where r is the distance between the centers of the at-
tractive tips located at the spherocylinders’ ends. An at-
tractive patch is added only at one spherocylinder pole to
ensure formation of finite aggregates like those observed
in experiments. This potential drives the formation of
micellar-like oligomers, where tips of participating pro-
teins are in contact in the oligomer center (Fig. 1B). The
parameter ss controls the strength of the non-specific in-
teractions between the soluble proteins. Using atomistic
simulations we estimated ss to be relatively small, on
the order of 5kT [20]. To explore the influence of differ-
ent solution conditions, we varied ss between 3kT and
8kT , as indicated in the text.
The interaction between two proteins in the intermedi-
ate conformation “i”, and between the soluble and the in-
termediate conformation is implemented using the same
potential as in Eq. (1), with ss → ii and ss → si,
respectively. The intermediate state is designed to be
between the soluble and the β-sheet forming state, cor-
responding to a conformation with more β-content than
the soluble state, but not yet a fully folded β-hairpin.
Hence, the relative strength of interactions was always
preserved, with ss < si < ii. Their values were chosen
such that nucleation is achieved within a reasonable com-
puter time (see Supplementary Fig. S2), while preserving
their relative strength; ii is kept constant at ii = 16kT ,
and si is kept constant at si = 8kT . Throughout the
article k denotes the Boltzmann’s constant and T is the
temperature.
The attractive side-patch of the β-sheet forming con-
figuration is Lp = 0.6L long and spans an angle of 180◦.
If two patches face each other their interaction is:
Vββ(r) =
{
−ββcos2(φ)− ββ
(σ
r
)
if d ≤ 1.5σ
0 if d > 1.5σ
(2)
where φ is the angle between the axes of the particles, d is
the shortest distance between the axes of the patches, and
r is distance between the centers of the patches. The first
term controls that proteins in the β-sheet prone forms
pack parallel to each other, mimicking the hydrogen-bond
interactions between β-sheets, while the second term en-
sures compactness of the fibrils [22, 35, 36]. To drive the
formation fo thermodynamically stable fibrils, ββ has to
be the strongest of all the interactions in the system. In
this study we choose ββ = 60kT [37, 38]. General ag-
gregation of patchy-spherocylinders has been studied in
details in our previous work [39].
The cross-interaction between the soluble and the β-
sheet-forming configuration is designed as:
Vsβ(d) =
{
−sβ if d < 1.5σ
0 if d > 1.5σ
(3)
where d is the shortest distance between the centre of
the attractive tip and the axis of the β-patch, and sβ =
ss + 1kT . The i-β interaction is described in the same
way, with sβ → iβ , and iβ = ii + 1kT .
Protein adsorption onto the preformed fibril is given
by:
Vsf (d) =
−sf
(σ
d
)6
if r ≤ 1.5σ
0 if r > 1.5σ
(4)
6where d is the shortest distance between the centre of
the attractive tip of the soluble protein and the body
of the β-sheet prone protein (there is no other angular
dependence). Adsorption of the intermediate “i” confor-
mation onto the fibril is described in the same way (Eq.
(4)), with sf → if , and if = 1kT . The β-sheet prone
protein interacts with the preformed fibril only via vol-
ume exclusion. The model parameters are summarized
in Supplementary Figure S1.
MC Scheme
MC simulations were performed with small transla-
tional and rotational moves, to approach the realistic dy-
namics of the system. The interconversion between the
three states discussed above was carried out with a small
probability P = 0.0002 , which mimics the slow conver-
sion of the soluble protein into a fibril-forming β-sheet
prone configuration. Every conversion from the soluble
to the β-state is penalized with a change in the excess
chemical potential of magnitude ∆µ = 20kT , and the
s → i and the i → β with 0.5∆µ (Fig. 1a). These
values are chosen to reflect the fact that amyloidogenic
proteins with small- to mid-β-propensity, such as Aβ, are
typically not found in the β-sheet prone conformation in
solution [40, 41].
Simulations were performed in a periodic cubic box in
a grand-canonical ensemble, where the chemical potential
of non-adsorbed soluble proteins was kept constant. This
scheme was chosen to avoid the depletion of monomers
from the solution due to the adsorption onto the sur-
face of the preformed fibril. For this purpose, we do not
distinguish between the monomeric soluble species, and
the soluble species that are part of an oligomer in solu-
tion. The number of soluble proteins in the beginning of
each simulation was set to ∼ 600, and the box size was
adjusted to match the targeted peptide concentration.
Soluble proteins are added or removed from anywhere
in the simulation box, according to the grand-canonical
scheme [42], excluding the r = 5σ region around the
capped preformed fibril. All simulations were performed
with the same size of the preformed fibril, which consists
of N = 92 β-sheet prone proteins and is unable to grow
further. We were monitoring only the first generation of
replicas, and have allowed the soluble proteins to adsorb
only onto the preformed fibril, and not onto its replicas.
Kinetics of self-replication
In bulk experimental systems, the overall kinetics are
determined by the processes of spontaneous nucleation
in solution, elongation and self-replication, all of which
alter the fibril population. To compare bulk kinetic mea-
surements to the modelling of nucleation on a single,
growth-incompetent fibril used in simulations, it is nec-
essary to dissect the macroscopic behaviour into its con-
stituent processes. This can be achieved by developing
a theoretical kinetic model and global fitting to the ex-
perimental kinetic data. We have adapted a theoretical
kinetic model for the aggregation of Aβ40 [25] to include
the Langmuir-like adsorption of peptide molecules onto
the growing fibril, and fit it to bulk experimental kinetic
data to obtain the rate of self-replication at various pep-
tide concentrations. The details of the kinetic model as
well as the global fits used to obtain this rate of secondary
nucleation are shown in the Supplementary Section SII
and Fig. S4.
Experimental exploration of intermediate oligomers
in self-replication of Aβ42
If the oligomers generated through secondary nucle-
ation were of the same structure as the fibrils, their con-
centration, [O], could be estimated from the known rate
parameters for the fibrillar growth as [O] = k2m
n2
tot
2n2+1k+
,
where k2 is the rate constant for secondary nucleation,
k+ is the fibril elongation rate constant, mtot is the to-
tal protein concentration, , and n2 is the reaction or-
der for secondary nucleation. [43]. Using the values for
the rate constants extracted from kinetic measurements
of Aβ42 aggregation (k2 ≈ 104 M−2s−1, k+ ≈ 3 × 106
M−1s−1 and mtot = 5µM) [10], we find this concentra-
tion to be [O] ≈ 0.01 pM. This value is at least 5 orders
of magnitude smaller than the experimentally measured
concentration of oligomers in the same system (nanomo-
lar range [10]), indicating that the structure of oligomers
generated via such secondary pathway is necessarily dif-
ferent from that of the fibrils.
Model for the change of the rate of self-replication
with surface coverage
We recall that the conformational change, and the sub-
sequent fibril nucleation, is favourable only for oligomers
above a certain critical size. The free energy of forma-
tion of such an oligomer on a finite surface scales as
∆F (N) ∼ −N ln(Kc/(1+Kc)) where K is the monomer-
surface binding constant (K ∼ sf ) and c is the free
monomer concentration (Supplementary Section SI.F).
Supplementary Fig. 3 shows the free energy change for
oligomer formation on the fibril surface, ∆F (N), mea-
sured from the size distribution of oligomers adsorbed
onto the fibril in our simulations. As predicted, this
quantity decreases with increasing protein concentration,
reaching a plateau at high concentrations. If the aggrega-
tion number is the slow degree of freedom, and hence an
appropriate reaction coordinate, as is the case for exam-
ple in classical nucleation theory, the rate of nucleation
then depends exponentially on the negative magnitude
of the free energy change for the critical oligomer size
7formation (N = N∗):
ln(r) ∼ −∆F (N∗) ∼ N∗ln(Kc/(1 +Kc)). (5)
An arrow in the Supplementary Fig. S3 marks the low-
est concentration range at which we observe nucleation
(ln(c) ≈ 8.5). The slope at that point (≈ 0.6), multiplied
by the average critical oligomer size (N ≈ 6, inset in Fig.
4b), should give us the expected apparent reaction order
in the kinetic plot γs ≈ 3.6. The measured reaction order
at the same concentration range in Fig. 4b is γs ≈ 3.3,
which agrees well with the predicted value within the er-
ror of our scaling theory and measurements.
SPR Experiments
Aβ40 amyloid fibrils were attached to the surface of
an SPR biosensor and exposed to a solution containing
monomeric Aβ40. In this case, monomers simulta-
neously attach both to the fibril ends and to their
surfaces. However, due to their very different kinetics
and thermodynamics, the two processes can readily
be distinguished (Supplementary Section SIII). The
elongation of fibrils will lead to a linear increase in mass,
while the rate of attachment of peptide to the surface of
fibrils is expected to decrease exponentially with time as
the available binding sites become occupied. Conversely,
upon washing the fibrils, the surface-bound peptide
molecules are expected to show an exponential detach-
ment behaviour, at high rates due to their relatively low
binding free energy, while the rate of loss from the fibril
ends by monomer dissociation is expected to be linear
and very slow, due to the high thermodynamic stability
of the β-sheet rich fibrils [44]. By following the kinetic
data of monomer detachment, we can distinguish the
fast exponential from the slow linear dissociation steps
(Supplementary Fig. S5), and obtain the amplitude of
the exponential signal resulting from attachment to the
surfaces of the fibrils, at various concentrations of the
free monomers.
The data that support the plots within this paper
and other findings of this study are available online at
https://www.repository.cam.ac.uk/handle/1810/255082,
as well as from the corresponding authors upon request.
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FIG. 1: The coarse-grained model and the nucleation processes in the system. (a) A protein is allowed to exist in
three conformations. From top to bottom: soluble state ("s"), intermediate conformation ("i"), and the β-sheet prone state
("β"). (b) Aggregated proteins. From top to bottom: oligomer made of soluble proteins, oligomer made of proteins in the
intermediate state, and the fibril made of proteins in the β-sheet prone state. (c) Primary nucleation takes place in two steps.
Soluble proteins form finite oligomers (top), which can convert into a nucleus rich in β-sheet (bottom) that continues growing.
(d) Fibril self-replication (secondary nucleation). From top to bottom: Soluble protein monomers adsorb onto the surface of
a preformed fibril, locally forming oligomers. Once proteins within an oligomer convert into the intermediate conformation
(depicted with red attractive tips, accentuated with the red arrow), they become more prone to self-aggregation, which in
turn leads to oligomer detachment. Finally, the detached oligomer converts into a nucleus of β-sheets, and continues growing.
Snapshots were taken at ss = 4kT , sf = 8kT , and c = 50µM.
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FIG. 2: Conditions supporting fibril self-replication. (a) Fraction of self-replication events, ηself-replication, in the total
number of nucleation events, as a function of the protein concentration c and the interaction strength between soluble protein
molecules ss. The protein-fibril interaction is kept constant at sf = 8kT . (b) Fraction of self-replication events as a function of
the protein concentration c and the difference between the protein-fibril interaction and the protein self-interaction (sf − ss),
exhibiting a narrow regime where self-replication can be a dominant mechanism of formation. Data collected at ss = 5kT .
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FIG. 3: Strong bounds for self-replication. (a) Dependence of the rate of self-replication, r, on the protein-fibril affinity,
sf . (b) Fractional coverage of the surface of the fibril (θ) as a function of sf . Red arrows in (a) and (b) point to the area of
the fastest self-replication, when the fibril is well covered with monomers. Inset: the free energy cost (∆Fc) for the conversion
of an oligomer of size N from the "s" conformation, that is attached onto the fibril, into the "i" conformation that detaches
from the fibril surface. ∆Fc increases with increasing protein-fibril affinity. Data in (a) and (b) were collected at ss = 4kT
and c = 0.15mM.
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FIG. 4: Kinetics of fibril self-replication. (a) Experimental results: The rate of secondary nucleation for the Aβ40
system versus the initial concentration of soluble monomers, from Ref. [25]. (b) Simulation results: The rate of secondary
nucleation of fibrils with a moderate affinity for soluble monomers (sf = 6kT ) as a function of the concentration of the
monomeric proteins in solution. Inset: the average critical oligomer size stays constant over the entire concentration range;
the solid line plots the linear fit over the concentration range. (c) Experimental results: Fractional coverage of the surface
of Aβ40 fibrils, θ, under the same conditions as the kinetic experiments in (a), versus the concentration of the monomers.
The dashed line is the fit to the Langmuir isotherm with K−1 = 15µM. Inset: schematic representation of the adsorption
of monomeric species (coloured in blue) onto the surface of fibrils (coloured in violet), measured via SPR. (d) Simulation
results: Surface coverage θ versus the concentration of free monomers at sf = 6kT . Inter-protein interaction is kept constant
at ss = 4kT for all simulation data. The dashed lines in (a), (b), and (d) are given as the guide to the eye.
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FIG. 5: The apparent reaction order is controlled by the surface saturation. Simulation results: (a) Scaling
exponent for the kinetics of fibril self-replication, averaged over the range of concentrations (20µM ≤ c ≤ 1mM), as a function
of the inter-protein interaction between soluble monomers at constant protein-fibril affinity sf = 8kT , and (b) as a function of
the protein-fibril affinity at constant inter-protein affinity ss = 4kT . An increase in ss and sf increases the surface coverage,
as shown by the representative snapshots in insets, taken at a monomer concentration c = 0.15mM. Experimental results:
(c) The average scaling exponent for self-replication of Aβ42 fibrils at a range of NaCl salt concentrations, whose increase is
expected to increase both ss and sf , from Ref. [18].
Supplementary Information
I. Coarse-grained Simulations
ββ 
FIG. S1: Coarse-grained model: Possible interactions in the system and their values.
A. Rate of spontaneous fibril formation and self-replication
The rates for spontaneous fibril formation through primary nucleation and self-replication through secondary nucle-
ation are calculated from the respective average lag time for nucleation, 〈tlag〉. The lag time is defined as the number
of MC steps needed for the first nucleus consisting of at least two β-prone proteins to appear in the simulation. In our
simulations the appearance of such a nucleus always leads to further fibril growth. In the case of primary nucleation,
such an event takes place within an oligomer that was formed in the solution, while in the case of secondary nucleation,
the event takes place in an oligomer which was formed at the surface of the preformed fibril. The average lag time is
calculated from 4− 6 repetitions of the same system with different random seeds, and is expressed in the units of 108
Monte Carlo steps.
The lag time we measure is in fact the average over N = 4 − 6 independent realizations of the time needed for
the β-nucleus to escape from the potential well, which is stochastic by its nature. Using the equivalence between
this average first exit time 〈tlag〉 and the inverse of the associated Kramers rate r [1], we have computed from first
principles the rate of nucleation from the average time of formation of the first nucleus as:
r =
1
〈tlag〉 . (S1)
B. Fraction of self-replication events
The fraction of the self-replication events in the system (Fig. 2) is calculated from the rates of the primary and
secondary nucleation ηself−replication =
r(secondary)
r(secondary)+r(primary) .
2C. Choice of the intermediate state
The rate of self-replication for Aβ was observed to be ∼ 8 orders of magnitude faster than the rate of spontaneous
formation [2, 3]. We have found in our simulations that, with two states only, we cannot achieve a self-replication
rate that is significantly faster than primary nucleation, under any condition (Fig. S2). This has taught us that the
secondary nucleus had to be energetically different from the primary one. This observation is consistent with the idea
that a modified energetic landscape is a necessary condition for the catalysis. Experiments have indeed reported that
the replication reaction of Aβ peptides produces oligomers which differ from the fully developed β-sheet structures
(Methods, [2]). It is likely that these oligomers contain proteins in the range of states between the soluble and the
β-prone state. We have opted for the simplest possible case by introducing exactly one intermediate state. We have
assigned the possibility of conversion into this intermediate state to the fibril-adsorbed protein, since the protein
conformation in the adsorbed state is in general different from that in solution [4, 5], which has also been reported
for Aβ peptides interacting with various surfaces [6, 7].
We have found that a significant increase in the rate of self-replication, compared to that of spontaneous formation,
can be achieved if the intermediate conformation binds more strongly to its own kind than to the soluble species
or the fibril. This leads to oligomer detachment, as experimentally observed. Since the self-interaction of β-prone
proteins is stronger than the self-interaction of soluble species, it is reasonable that intermediate species will also have
stronger self-interaction than the soluble species. Fig. S2 shows the rate of self-replication with and without the
intermediate state (denoted with ii = 0), as well as for different values of the self-interaction, ii, between species
in the intermediate state. It is apparent that the more favourable the interaction between the intermediate state,
the faster the self-replication becomes. This result is valid up to the point where this interaction compares to that
between the β-prone proteins, however, we have not explored that limit. We have opted for ii = 16kT and have kept
it constant in our simulations.
-∞
FIG. S2: The rate of self-replication for a two state system (dashed line, denoted ii = 0), which did not yield a
single nucleation event within the simulation time, and for three different self-interaction values of the intermediate
state, ii. Data collected at ss = 4kT and sf = 8kT .
D. Surface coverage
The surface coverage was quantified as the number of monomeric proteins whose attractive patches are in contact
with the preformed fibril, normalized by the maximum number of such monomers. The maximum surface coverage
was obtained from the fit of the surface coverage to the Langmuir isotherm, at sf = 12kT and ss = 0kT .
3E. Free energy for oligomer conversion and detachment
We employ the standard umbrella sampling technique [8] to obtain the free energy barrier ∆Fc(N) for conversion
of a micelle of a size N , comprised of soluble proteins, into a micelle consisting of proteins in the intermediate
conformation on the surface of the preformed fibril. The position of the center of the micelle is restrained to stay
within distance of 2σ form the fibril’s surface, and a biasing harmonic potential is applied, which ensures that the
number of monomers in the i-form, Ni, oscillates between exactly Ni = 0 and Ni = N . The free energy difference
between the micelle of N proteins in the “i” state and N proteins in the “s” state is then calculated from the relative
probabilities for each of these micelles to appear, corrected for the harmonic bias. This gives us the free energy for
detachment of a micelle of the size N .
F. Free energy for oligomer formation on the fibril surface
In solution, the probability for forming an oligomer of size N , P (N), increases exponentially with the monomer
concentration P (N) ∼ e∆f(N)/kT cN , where ∆f(N) is the concentration-independent free-energy. On a surface we can
replace the monomer concentration with the surface coverage; hence the probability for oligomer formation on the
surface is P (N) ∼ e∆f(N)/kT (Kc/(1 +Kc))N , where K is the monomer-surface binding constant (K ∼ sf ). The free
energy change for the formation of an adsorbed oligomer then scales as ∆F (N) ∼ −Nln(Kc/(1 + Kc)). This holds
at low concentrations, and can deviate at higher surface coverages, when oligomers start mutually interacting.
The free energy change for oligomerisation on the fibril surface is obtained by simulating the system of monomers
which are able to adsorb onto the preformed fibril, but cannot change their conformation. We collected the size
distribution of oligomers that are in contact with the fibril P (N). The free energy for formation of an adsorbed
oligomer of size N is then ∆Fo(N) = −logP (N) + F 0, where the zero-energy level F 0 is attributed to the free
monomers.
slope≈0.6 
slope≈1 
FIG. S3: The free energy per particle for formation of an oligomer of size N on the fibril surface versus the monomer
concentration; ss = 4kT and sf = 6kT are kept constant. The lowest concentration range at which nucleation is
observed in Fig. 4b (−9 < ln(c) < −8) is marked by an arrow, where the slope is ≈ 0.6. The slope at vanishing
monomer concentration approaches ≈ 1.
4II. Derivation of integrated rate law
This derivation of the integrated rate equations describing the aggregation of monomeric protein into fibrils, via a
surface catalysed secondary nucleation mechanism, closely follows that in Meisl et al. [3]. The difference being that
the saturation of the secondary nucleation rate is now captured by
(
c
1+c/KM
)n2
rather than c
n2
1+cn2/KM
, where c is
the total concentration of free monomer, and KM is the inverse of the monomer-fibril equilibrium binding constant
(KM = K−1). The choice of this slightly modified description was motivated by our finding that the nucleation
process in our simulations proceeds by attachment to the surface, followed by a reactive encounter, therefore the rate
is expected to be proportional to a power of the concentration of bound species, which is given in its simplest description
by Langmuir as
(
c
1+c/KM
)
. Numerically these two models lead to very similar results and the fits to experimental
data are equally good, allowing no distinction. However, the detailed molecular insight from our simulations motivate
us to use this new description to fit the data and enable a direct comparison of the simulation and experimental data.
The differential equations describing the aggregation are given by:
dP (t)
dt
= k2M(t)
(
m(t)
1 +m(t)/KM
)n2
+ knm(t)
nc (S2)
dM(t)
dt
= 2m(t)k+P (t) (S3)
where m(t) is the free monomer concentration at a given time, M(t) is the fibril mass concentration, P (t) is the fibril
number concentration, k2, kn and k+ are the rate constants of secondary nucleation, primary nucleation and elongation
respectively, and n2 and nc are the reaction orders of secondary nucleation and primary nucleation respectively.
We linearise these equations by setting m(t) = c where c is the initial monomer concentration and solve them
to yield P0(t) and M0(t). These correspond to the early time solution where monomer depletion is insignificant.
The solution is equivalent to that for the previous form of secondary nucleation only with a change of constants
k2
1
1+cn2/KM
→ k2
(
1
1+c/KM
)n2
in the final solution.
Now a fixed point operator, obtained by integrating equation (S3), is applied to an initial guess for Pi(t) =
P0(t)
1+P0(t)/P (∞) (see Cohen et al. [2]), yielding
M(t) ≈ e−2k+
∫ t
0
Pi(τ)dτ
∫ t
0
2k+ce
−2k+
∫ τ
0
Pi(τ¯)dτ¯Pi(τ)dτ (S4)
where P0(t) is the early time linearised solution to equation (S2) and P (∞) is the long time limit of the aggregate
number.
The change in secondary nucleation mechanism affects only this initial guess, the fixed point operator remains
unchanged.
P (∞) needs to be derived explicitly: First divide equation (S3) by m(t) and use dM(t)dt = −dm(t)dt to give
1
m(t)
dm(t)
dt
= −2k+P (t) (S5)
Then differentiating and substituting equation (S2) yields
d
dt
(
1
m(t)
dm(t)
dt
)
= −2k+knm(t)nc − 2k+k2c
(
m(t)
1 +m(t)/KM
)n2
+ 2k+k2m(t)
(
m(t)
1 +m(t)/KM
)n2
(S6)
We now try to find an expression for 1m(t)
dm(t)
dt and then we will use equation (S5) to obtain P (t). We multiply both
sides by 1m(t)
dm(t)
dt and use
df(m(t))
dt =
df(m)
dm
dm(t)
dt :
1
2
d
dt
(
1
m(t)
dm(t)
dt
)2
=
d
dt
(
−2k+knm(t)
nc
nc
− 2k+k2c
∫
m(t)n2−1
(1 +m(t)/KM )n2
dm(t)
+ 2k+k2
∫
m(t)n2
(1 +m(t)/KM )n2
dm(t)
)
(S7)
5We perform the integrals with respect to m
d
dt
(
1
m(t)
dm(t)
dt
)2
= − d
dt
A(t) (S8)
where A(t) is given by
A(t) =
4k+knm(t)
nc
nc
+ 4k+k2c
m(t)n2
n2
(
2F1
[
n2, n2, n2 + 1,−m(t)
KM
])
+ 4k+k2
m(t)n2+1
n2 + 1
(
2F1
[
n2, n2 + 1, n2 + 2,−m(t)
KM
])
(S9)
where 2F1 is the ordinary hypergeometric function.
Now substitute equation (S5) and integrate from 0 to τ with respect to t:
2k+P (τ) =
√
A(0)−A(τ) (S10)
P∞ is then obtained by taking the long time limit τ →∞ and using the fact that limt→∞m(t) = 0
2k+P (∞) =
√
A(0) (S11)
Following Meisl et al. [3] the full solution is then given by
M(t)
M(∞) = 1− e
−k∞t
(
B− + C+eκt
B+ + C+eκt
· B+ + C+
B− + C+
) k∞
κk¯∞
(S12)
where the definitions of the parameters are
κ =
√
2ck+k2
(
c
1 + c/KM
)n2
(S13)
λ =
√
2k+kncnc (S14)
C± = ± λ
2
2κ2
(S15)
k∞ = 2k+P (∞) (S16)
k¯∞ =
√
k2∞ − 2C+C−κ2 (S17)
B± =
k∞ ± k¯∞
2κ
(S18)
c is the initial monomer concentration, and P (∞), M(∞) are the aggregate number and mass concentration at the
start of the reaction and in the long time limit.
A. Determining secondary nucleation rate
The rate at which secondary nuclei are formed is given by
r = k2M(t)
(
m(t)
1 +m(t)/KM
)n2
(S19)
In the context of our simulations the total mass of fibrils, M , is fixed, so we instead consider the rate at which nuclei
are produced per mol of fibrils:
r = k2
(
m(t)
1 +m(t)/KM
)n2
(S20)
We therefore need to determine 3 parameters in order to be able to compute rsec: k2, n2 and KM . Global
fits of the integrated rate equation, Eq. S12, with 4 free global parameters, were performed using the AmyloFit
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FIG. S4: Global fit to experimental data for Aβ40 aggregation from Ref. [3]. The global fit of Eq. S12 to the
unseeded aggregation data with 4 free global parameters: k+kn, k+k2, n2 and KM .
interface [9], also available online [13]. The best fit is shown in Fig. S4 and yields the parameters k+kn = 0.4 M−2s−2,
k+k2 = 9 · 1010 M−n2−1s−2 , n2 = 2.3 and KM = 3.8 µM. The rate of elongation, k+, was estimated separately from
seeded experiments in Meisl et al.[3] as k+ = 3 · 105M−1s−1, yielding k2 = 3 · 105 M−n2s−1. Note that the values
of the rate constants are approximate within at least an order of magnitude, the error on the reaction order was
estimated to be at least 20%. The same method was employed to obtain r for the data of varying salt concentrations.
A straight line was then fitted to the double logarithmic plots of these rates versus the monomer concentration, to
yield the scaling displayed in Figure 5c.
III. Surface plasmon resonance measurement of Aβ40 peptide adsorption onto surfaces of its fibrils
When surface-bound fibrils are exposed to a solution of monomeric peptide, monomers simultaneously attach both
to the fibrils’ ends, which we refer to as the elongation, and to their surface, which we call simply adsorption. The
two processes can be easily distinguished due to their very different kinetics and thermodynamics. The elongation of
fibrils leads to a linear increase in surface-bound mass, while the rate of surface-adsorption is expected to decrease
exponentially, as the available binding sites are being occupied. Reversely, upon washing of the saturated surface with
buffer, the rate of fibril dissociation is expected to be linear and very slow due to the high thermodynamic stability of
the β-sheet rich fibrils [10], while the surface-bound peptide molecules are expected to show an exponential detachment
behaviour, at much higher rates due to their lower binding free energy. Therefore, short contact of the amyloid fibrils
with monomer is likely to bias the binding behaviour towards surface attachment and against elongation. Aβ40
amyloid seed fibrils were firstly left to grow for about 30 min in monomer solution in order to obtain substantial
coverage. Then we washed the surface extensively (ca. 1h) with buffer, followed by a series of short (30s) injections
of monomeric Aβ 40 at concentrations between 4 and 44 µM. After each injection, the sensor surface was washed for
at least 45 min with buffer. The kinetic traces of detachment showed the expected behaviour, i.e. a superposition of
a linear and an exponential dissociation (Fig. S5). The amplitude of the exponential part was taken to correspond
to the peptide that had been attached to the surface of the fibrils, and plotted against the monomer concentration
to obtain the Langmuir absorption isotherm, with an equilibrium constant of K−1 = 15µM, as shown in Fig. 4C and
Fig. S6. It is interesting to note here that the affinity of Aβ 40 monomers for fibril ends is 100 times higher than for
the surface binding sites, corresponding to a difference in binding free energy of almost 5 kT .
7Protocol The Aβ 40 peptide was expressed and purified as described previously [11]. The purified peptide was
lyophilised and stored at -20◦C. For the use in the SPR experiments, the peptide was dissolved in 10 mM NaOH
at a concentration of 40 or 80 µM and 500 µl were injected into a Superdex 200 Increase 10/300 GL gel filtration
column (GE Healthcare, Little Chalfont, UK) that had been equilibrated with 20 mM phosphate buffer at pH 7.4,
with 0.2 mM EDTA and 0.02% (w/v) sodium azide added. The peptide was collected in fractions of 250 µl and only
the central fractions of the monomer were used. The fractions were stored on ice for up to 24h until use. For the
concentration determination, the absorption profile of the SEC chromatogram was used, with an absorption coefficient
of 1200 at 280 nm. A solution of 21 µM of monomeric peptide was incubated for 24h at 37◦C to form fibrils. For
the attachment of the fibrils to the surface of the sensor, the fibrils were diluted 5 fold into 10 mM acetate buffer
at pH 4.0 [12] and sonicated for 30 s with a Sonopuls 2070 probe sonicator (Bandelin, Berlin, Germany) at 10%
power and 30% pulses. The SPR experiments were performed with a Biacore3000 instrument (GE Healthcare), using
C3 sensors. The carboxylic acid groups on the sensor surface were activated with a mixture of EDC and NHS to
enable standard amide coupling chemistry. The injection of fibrils led to an increase of ca. 3000 RU. The subsequent
incubation with monomer added ca. 9000 RU. For the data analysis, the linear part of the dissociation curves were
fitted to a linear function which was extrapolated to the beginning of the dissociation. The difference amplitude
was taken to correspond to the monomer binding to the fibril surface. The amplitudes were plotted as a function
of monomer concentration, and fitted to A(c) = A(∞)Kc1+Kc and then plotted as A(c)/A(∞) = Kc1+Kc , with K being the
binding constant and c the monomer concentration.
FIG. S5: The raw SPR dissociation data.
8FIG. S6: Fraction of the peptides bound onto the surface of Aβ40 fibrils, at the same conditions as the kinetic
experiments in Fig. 4A, versus the concentration of the soluble monomer. The dashed line is the fit to the Langmuir
isotherm with K−1 = 15µM.
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